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Abstract
The inverse scattering method of Belinsky and Zakharov is a powerful method to construct solutions of
vacuum Einstein equations. In particular, in five dimensions this method has been successfully applied to
construct a large variety of black hole solutions. Recent applications of this method to Einstein-Maxwell-
dilaton (EMd) theory, for the special case of Kaluza-Klein dilaton coupling, has led to the construction of
the most general black ring in this theory. In this contribution, we review the inverse scattering method
and its application to the EMd theory. We illustrate the efficiency of these methods with a detailed
construction of an electrically charged black ring.
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1 Introduction
Black holes in higher dimensions have played a major role in the past decade and a half in the development
of our understanding, not only of gravity [1], but also of quantum field theories and heavy ion collisions [2],
fluid dynamics [3] or even condensed matter physics [4]. Black holes are the simplest objects one can consider
in General Relativity (GR) or relevant extensions thereof. Typically these solutions are fully described by
a small number of parameters, as dictated by no-hair theorems [5] (whenever available), so any attempt to
understand the theory must require a good knowledge of black holes.
The study of black holes in spacetime dimensions D > 4 (see Ref. [6] or [7] for a review) naturally
enlarged the arena of solutions and it brought about some surprises. A trivial consequence of extending
D beyond four is the possibility of endowing the spacetime with more than one rotation parameter. In
particular, for D = 5 (and D = 6) one can define two independent angular momenta. The main unforeseen
novelties are the existence of black objects with non-spherical horizon topology and the realization that the
uniqueness theorems formulated in 4D do not generalize trivially to higher dimensions. In this respect, the
milestone was the discovery of the first black ring solution [8] — this is a five-dimensional asymptotically
flat solution of the vacuum Einstein equations, which is rotating in one plane and possesses an event horizon
with topology S1 × S2. Moreover, there exists a range of parameters where two distinct black rings and a
5D singly spinning black hole coexist with the same asymptotic charges.
Historically, leaving aside the past decade, our spectrum of known solutions in GR has progressed rather
slowly. It took roughly half a century to go from the static and spherically symmetric solution obtained by
Schwarzschild in 1916 to the 4D rotating black hole discovered by Kerr [9]. Curiously enough, the extension
of the Schwarzschild black hole to arbitrary higher dimensions was published [10] that same year. Then,
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Figure 1: Schematic representation of some of the known asymptotically flat and stationary 5D black hole
solutions in pure GR. From left to right: Tangherlini or Myers-Perry black holes, the singly spinning black
ring or its doubly-spinning counterpart, the black Saturn, the bicycling ring, the double Myers-Perry solution
and the di-ring.
more than 20 years elapsed before Myers and Perry presented the higher-dimensional generalization of the
Kerr solution [11].
However, in the past decade a much more rapid progress was achieved. This was mainly due to the advent
of solution-generating techniques, one of the most proficuous of which is the so-called Inverse Scattering
Method (ISM) developed by Belinsky and Zakharov (BZ) [12]. This method is a powerful tool to find new
solutions of vacuum gravity from known solutions, under the assumption of the presence of D−2 commuting
Killing vector fields. The ISM is a very efficient scheme to deal with stationary solutions and, indeed, all of
the exact, regular and asymptotically flat black hole solutions of 5D vacuum gravity currently known (see
Fig. 1) can and have been constructed using this method [13, 14, 15, 16, 17, 18, 19, 20].
The requirement of D − 2 commuting isometries seems to restrict the usefulness of the ISM to D = 4, 5
if one is interested only in asymptotically flat stationary solutions. (For D > 5 one necessarily ends up with
Kaluza-Klein (KK) asymptotics [21].) Moreover, the ISM was tailored to address the vacuum Einstein field
equations and at first glance its applicability appears limited if one wishes to go beyond GR and couple
gravity to gauge and/or scalar fields. Indeed, simply adding a cosmological constant to pure gravity spoils
the integrability structure of the equations.
It turns out that the ISM is effective in a context broader than the picture above would suggest. The
BZ approach can be adapted in specific cases (see Ref. [22] for a brief review), including Einstein-Maxwell
theory in D = 4 dimensions [23] and gravity coupled to some types of matter. In particular, for theories that
can be obtained by KK reduction of vacuum gravity, this technology can be usefully applied in the higher-
dimensional parent theory. After the KK reduction, one typically ends up with lower-dimensional gravity
coupled to vector fields and scalars but the point is that the final reduced solution can be asymptotically
flat. This strategy was employed early on in Ref. [24] to construct solutions of the Einstein-Maxwell-dilaton
(EMd) system in four dimensions, for a particular choice of the coupling constant between the dilaton scalar
and the U(1) gauge field. The same idea was successfully applied by three of the present authors in Ref. [25]
to systematically generate a singly spinning dipole black ring.
The existence of black objects carrying (local) magnetic charge is another novelty offered by the possi-
bility of non-spherical horizon topologies in higher dimensions. The horizon of a black ring can be linked by
a 2-sphere, thus if the solution supports a 1-form gauge field one may compute an associated local magnetic
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charge. The net charge vanishes (opposite ends of the ring cancel each other) but nevertheless this quantity
— dubbed dipole charge — is a parameter that characterizes the solution. The first such solution was found
by Emparan in [26] for a class of EMd theories, with arbitrary dilaton coupling.
The discovery of the singly spinning dipole ring involved a considerable amount of guess work and
until recently there was no method available that allowed its generalization to include a second angular
momentum. References [27, 28] systematically derive the dipole ring solution but unfortunately the method
relies on a SL(2,R)× SL(2,R) structure that is simply absent when considering doubly rotating solutions.
On the other hand, some progress was achieved in the construction of charged and doubly rotating solutions
in five-dimensional minimal supergravity [29, 30] and U(1)3 supergravity [31, 32], by taking advantage
of hidden symmetries that arise when reducing the theories down to three dimensions.1 However, these
approaches have not been able to generate more general smooth solutions carrying dipole charge(s). On
the contrary, the approach developed by present authors and reviewed in this paper is sufficiently robust to
handle both charges and multiple rotations.
The existence of these more general black ring solutions was expected, and in fact it was conjectured
in Ref. [37] that the most general regular black ring in 5D minimal supergravity carried five independent
charges: mass M , two angular momenta Jψ and Jφ, electric charge Qe and (magnetic) dipole charge Qm.
Supporting this conjecture, the authors constructed a black ring with all five charges non-vanishing but
regularity conditions imposed a couple of constraints, reducing the number of independent parameters down
to three.
The technical obstruction in the quest for finding the most general black ring was resolved in [25]
employing the ISM in six dimensions to generate asymptotically flat dipole-charged black ring solutions of
D = 5 Einstein-Maxwell-dilaton theory, with the particular dilaton coupling (reviewed below) that arises
from Kaluza-Klein (KK) circle reduction of D = 6 vacuum gravity. The advantage of having pinned down
a systematic, inverse-scattering construction, is that it is now only a calculational matter to algorithmically
construct new dipole rings in D = 5 Einstein-Maxwell- dilaton, including extra rotations and charges.
Use of the six dimensional ISM approach led three of the present authors to a four-parameter general-
ization of the dipole ring solution with all charges turned on [38]. Employing a slightly different application
of the ISM [25], the dipole ring with two independent rotations was constructed in [39]. This rapid series of
advances culminated with the discovery [40] (see also [38]) of the most general black ring in EMd theory, for
the KK value of the dilaton coupling. As we shall discuss in Section 6, when we vary the dilaton coupling
the parameter space of black ring solutions to EMd theory is still scarcely populated by presently known
solutions. Nevertheless, this line of investigation allowed to make progress where other methods faced dif-
ficulties, and represents a significant step forward in the construction of solutions in simple extensions of
gravitational theories.
In this paper we review the inverse scattering method and illustrate its workings with the explicit con-
1In Ref. [30] a further reduction to 2D was considered, and the fruitful intertwining of this solution-generating technique
with the ISM was studied. The ISM from the point of view of two dimensional symmetries has also been recently investigated
in [33]. Hidden symmetries have also been employed in [34, 35] to obtain charged black rings in other theories, following the
pioneering work [36].
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struction of a singly spinning electrically charged black ring of five-dimensional EMd theory with KK dilaton
coupling. Although, as we have mentioned above, more sophisticated black rings have been inverse-scattered
in EMd with KK coupling, the particular solution that we consider in this paper provides a sufficiently sim-
ple setting to discuss in detail its inverse-scattering construction. In fact, this ISM construction has not
appeared elsewhere before, even though the solution itself has been previously obtained by different meth-
ods and presented in Ref. [41]. We first briefly review the rod structure classification in Section 2 and the
Inverse Scattering Method in Section 3. These are the main tools we will rely on, and an effort was made to
provide a self-contained, while still concise, description. The reader familiarized with these tools may want
to jump directly to Section 4 where we define the five-dimensional theory we will be focusing on and discuss
its relation to six-dimensional pure gravity. In Section 5 we apply these techniques to the construction of
the electrically charged singly spinning black ring and write the 6D metric as well as the 5D solution in
a very simple and explicit form. The charges and all physical quantities characterizing the black ring are
also obtained and they are shown to obey both the first law of black hole mechanics and Smarr’s law. We
conclude in Section 6 with a discussion of our results and of future prospects.
2 Stationary axisymmetric solutions and rod structure classification
Throughout the paper we restrict our attention to stationary and axisymmetric solutions of the field equa-
tions. Consider in particular the case of D-dimensional pure gravity. Assuming the presence of D − 2
commuting Killing vector fields ξ(a) = ∂/∂x
a with a = 0, . . . , D−3, it is known that solutions of the vacuum
Einstein equations can be classified by the so-called rod structure [21, 42]. More specifically, it can be shown
that for this class of solutions the metric can always be written in the form
ds2D = Gab dx
adxb + e2ν(dρ2 + dz2) , (2.1)
with
det G = −ρ2 . (2.2)
The metric depends only on the two coordinates ρ and z, usually called Weyl coordinates. The matrix
G(ρ, z) is commonly referred to as the Killing metric and e2ν(ρ,z) is known as the conformal factor.
The rod structure is a convenient diagrammatic scheme for encoding the data of the Killing metric that
characterizes any solution belonging to the class we are considering2. When the Killing vectors are mutually
orthogonal the metric (2.1) takes a diagonal (static) form. In this case, solving the vacuum Einstein equations
reduces to the problem of finding D − 2 solutions (one for each Killing vector) of the Laplace equation in
an auxiliary, cylindrically symmetric, three-dimensional flat space:
∇2Ua =
(
∂2ρ +
1
ρ
∂ρ + ∂
2
z
)
Ua = 0 , a = 0, . . . , D − 3 , (2.3)
2As we explain in Section 3 the conformal factor is completely specified by the Killing metric. Hence the information
contained in the rod structure is enough to fully reconstruct the line element.
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where Ua ≡ 12εa logGaa, and εa = +1(−1) if ξ(a) is spacelike (timelike). Solutions for these Newtonian
potentials are uniquely determined by rod-like sources localized along the z-axis. Regularity at the location
of the source requires that each rod has constant linear density equal to 1/2 [21]. The potentials are further
subject to a constraint arising from (2.2), which translates into the statement that the various sources must
add up to an infinite rod.
Useful explicit formulas can be given for the potentials. These take different forms depending on whether
or not they extend to infinite z-coordinate:
Ua =

1
2 logµi for a semi-infinite rod along [ai,+∞) ,
1
2 logµi for a semi-infinite rod along (∞, ai] ,
1
2 log
µi
µj
for a finite rod along [ai, aj ] .
(2.4)
The µi’s and µi’s are commonly referred to as solitons and anti-solitons, respectively, and they are fully
determined by the rod endpoints,
µi =
√
ρ2 + (z − ai)2 − (z − ai) , µi = −
√
ρ2 + (z − ai)2 − (z − ai) . (2.5)
Solitons and anti-solitons are not independent as it is easily verified that they satisfy µiµi = −ρ2.
The orbits of a Killing vector vanish as one approaches a rod source for the corresponding potential.
Thus, a rod along the timelike Killing vector field signals an event horizon, while a semi-infinite rod along
an angular Killing vector identifies an axis of rotation [21]. All these ideas have been extended to the more
general stationary case [42] and although the analysis is considerably more involved, the outcome is almost
unaltered. The most significant change for our purposes is that the rod-like sources are no longer necessarily
aligned with the Killing vectors ξ(a). Instead, each rod is endowed with a direction vector v. The direction
of the rod is nothing but the (unique up to normalization) eigenvector associated to a zero eigenvalue of the
Killing matrix evaluated at the location of the rod in the 3D auxiliary space,
G(0, z) · v = 0 . (2.6)
These rod structure techniques are extremely useful in the construction of seed solutions appropriate for
the application of the inverse scattering method, and in the interpretation of its outputs.
3 The inverse scattering method
In this section we shall briefly outline the inverse scattering method for completeness, and present the
relevant formulas for the applications of the following sections. There are several good succinct accounts of
the method available in the literature [17, 6, 43]; refer to [44] for an in-depth description of this solution-
generating technique.
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The essential point is that although the Einstein field equations are non-linear, for the specific class of
solutions we are interested in the system of equations becomes integrable [12]. One starts by defining two
(D − 2)× (D − 2) matrices,
U = ρ(∂ρG)G
−1 , V = ρ(∂zG)G−1 , (3.1)
in terms of which the Einstein equations break up into an equation for the Killing metric G,
∂ρU + ∂zV = 0 , (3.2)
and a system of equations involving also the conformal factor,
∂ρν = − 1
2ρ
+
1
8ρ
Tr(U2 −V2) , ∂zν = 1
4ρ
Tr(UV) . (3.3)
However, using equations (3.2) and (3.3) it can be shown that the conformal factor automatically satisfies
the integrability condition ∂ρ∂zν = ∂z∂ρν. Therefore, the conformal factor is completely determined by a
line integral once a solution for the Killing metric is found, and so we can focus on the latter.
The Belinski-Zakharov approach consists in replacing the original non-linear equation for G(ρ, z) by an
equivalent enlarged system of linear equations for a generating matrix Ψ(λ, ρ, z),
D1Ψ =
ρV − λU
λ2 + ρ2
Ψ , D2Ψ =
ρU + λV
λ2 + ρ2
Ψ , (3.4)
D1 ≡ ∂z − 2λ
2
λ2 + ρ2
∂λ , D2 ≡ ∂ρ + 2λρ
λ2 + ρ2
∂λ . (3.5)
In addition to the Weyl coordinates, the generating matrix depends also on the spectral parameter λ, which
is to be considered as independent of both ρ and z. Furthermore, the generating matrix is subject to the
constraint Ψ(0, ρ, z) = G(ρ, z). Equivalence between the above system (3.4–3.5) and the original problem
becomes manifest after noting that the differential operators D1 and D2 commute and that
[D1, D2]Ψ =
1
λ2 + ρ2
{λ(∂ρU + ∂zV) + V + ρ(∂zU + ∂ρV) + [U,V]}Ψ . (3.6)
The term proportional to λ gives back the equation of motion (3.2), while the remaining terms follow from
the definitions (3.1) at λ = 0.
Now assume one is given a seed solution G0 for equations (3.2) and (2.2). This defines the matrices U0
and V0 through (3.1). Let Ψ0 be the generating matrix that satisfies eq. (3.4) with U and V replaced by U0
and V0. Since the system of equations (3.4) is linear in Ψ one naturally attempts to obtain a new solution
by a linear transformation of the form Ψ = χΨ0, which is usually referred to as dressing the seed solution.
For the case of solitonic transformations, which correspond to only introducing simple poles in the complex
λ-plane (and we are restricting the poles to lie along the real axis), the dressing matrix takes the form
χ = I +
n∑
i=1
Ri(ρ, z)
λ− µ˜i(ρ, z) , (3.7)
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and the equations can be solved in closed form. The result is that the functions µ˜i must be precisely the
solitons µi or anti-solitons µi previously introduced in (2.5). In addition, the residue matrices Ri are taken
to be rank-1 matrices and are determined by the choice of µ˜i’s, up to n vectors of constants m
(i)
0 , the BZ
vectors, which live in the (D−2)-dimensional space of Killing vectors. (Note however that the explicit index
(i) runs over the number of solitons used in the transformation.)
Having determined the dressing matrix (3.7), one can now generate a new solution from the known seed
simply by noting that G(ρ, z) = Ψ(0, ρ, z) = χ(0, ρ, z)Ψ0(0, ρ, z) = χ(0, ρ, z)G0(ρ, z). The relation between
the new metric and the seed metric can be more explicitly written as follows,
G = G0 −
n∑
i,j=1
G0 ·m(i)(Γ−1)ij(G0 ·m(j))T
µ˜i µ˜j
, (3.8)
where
m(i) = Ψ−10 (µ˜i, ρ, z) ·m(i)0 , Γij =
m(i)
T ·G0 ·m(j)
ρ2 + µ˜i µ˜j
. (3.9)
For the BZ procedure to be of practical use one must be able to compute the generating matrix Ψ0. It
turns out that for the case of a diagonal seed, Ψ0(λ, ρ, z) can be obtained from G0(ρ, z) by first eliminating
any explicit appearance of ρ2 by using the relation ρ2 = −µiµi and then simply replacing every soliton by
µi → µi−λ and every anti-soliton by µi → µi−λ. To avoid possible divergences coming from the evaluation
of Ψ0 or its inverse at λ = µ˜i (see Eq. (3.9)), it is often desirable to employ ρ
2 = −µiµi to guarantee that
none of the (anti-)solitons that are going to be added during the solitonic transformation appear explicitly
in G0 and Ψ0.
The upshot of this discussion can be summarized as follows: if the seed is diagonal and the dressing pro-
cedure is restricted to the class of solitonic transformations, then the whole construction is purely algebraic.
Furthermore, the only input needed are the locations of the rod endpoints ai and the constant BZ vectors
m
(i)
0 .
There is one final issue to be addressed. In general, after a solitonic transformation the constraint (2.2)
is no longer obeyed, even if the seed solution satisfied it. Fortunately this issue can be circumvented by
performing two solitonic transformations [13]. Starting from the seed solution G0, first remove n (anti-
)solitons with trivial BZ vectors, i.e., constant (unitary) vectors aligned with one of the Killing vector fields
ξ(a), thus obtaining an intermediary Killing metric G
′
0.
3 Then re-add the same (anti-)solitons with more
general BZ vectors to construct the desired solution G. The determinant of the new Killing metric is
independent of the explicit form of the BZ vectors employed so this trick manifestly leaves the determinant
invariant.
Until now we have been concentrating on the Killing metric. To obtain a complete solution of the field
equations we must also find the conformal factor e2ν . As mentioned above, this is determined (up to a
multiplicative constant) by the Killing metric, more precisely by a line integral of Eqs.(3.3). For a diagonal
3The operation of removing a (anti-)soliton is the inverse of adding a (anti-)soliton. For a diagonal seed it is easy to show
that removing a (anti-)soliton µ˜i with a trivial BZ vector of the form (m0)a = δab simply results in multiplying (G0)bb by
−µ˜2i /ρ2, leaving the remaining components invariant.
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  New solution
remove solitons
(trivial BZ vectors)Seed G0
e2ν0
G’0
re-add solitons
(general BZ vectors) G
e2ν
Known solution
Figure 2: Schematic diagram describing the procedure to generate solutions using the inverse scattering
method.
seed G0 the computation is straightforward and Ref. [45] provides a simple recipe to obtain the corresponding
conformal factor e2ν0 . Once the new Killing metric has been generated, the associated conformal factor can
be computed using [13]
e2ν = e2ν0
det Γ
det Γ0
, (3.10)
where Γ is the matrix defined in Eq. (3.9) that generates G from G′0. Similarly Γ0 is the matrix that takes
G′0 to G0; it can be obtained from Γ by setting all the BZ parameters to zero.
The solution-generating procedure described above is sketched in Fig. 2. The addition of (anti-)solitons
with more general BZ vectors in the second stage of the solitonic transformations introduces additional
parameters, so this procedure will potentially lead to more general solutions. Note that the seed solution
we start from need not be regular: our only concern is the regularity of the generated solution. To this end
one might have to impose further constraints, thus reducing the number of free parameters characterizing
the final solution.
4 Einstein-Maxwell-dilaton theory from dimensional reduction of 6D
vacuum gravity
We are concerned with black ring solutions of 5D Einstein-Maxwell-dilaton theory, which is governed by the
following action
S =
1
16piG5
∫
d5x
√−g
(
R− 1
2
∂µΦ ∂
µΦ− 1
4
e−aΦFµνFµν
)
. (4.1)
Here gµν denotes the five-dimensional metric, g ≡ det(gµν) and R stands for the curvature scalar. The
dilatonic scalar field is represented by Φ, while Fµν is the field strength of the abelian gauge field. In
general these fields depend on the five-dimensional spacetime coordinates xµ. Finally, G5 corresponds to
the five-dimensional Newton constant.
Actually, action (4.1) defines a family of theories, each being specified by a dimensionless parameter a,
which controls the coupling between the dilaton field and the Maxwell field. For a = 0 the dilaton decouples
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and it can be consistently set to zero, thus recovering Einstein-Maxwell theory. Instead, we will focus on
the choice
a = 2
√
2/3 . (4.2)
For this specific coupling constant the theory (4.1) arises from circle reduction of six-dimensional vacuum
gravity by means of the standard Kaluza-Klein ansatz,
ds26 = e
Φ√
6 ds25 + e
−
√
3Φ√
2 (dw +A)2. (4.3)
In writing this, we are parametrizing the Kaluza-Klein circle by w, and the one-form A gives rise to the
abelian two-form field strength in (4.1) through F = dA, as usual.
For completeness, the 5D field equations following from the action (4.1) are
∇µ∇µΦ + a
4
e−aΦFµνFµν = 0 , ∇µ
(
e−aΦFµν
)
= 0,
Rµν =
1
2
∂µΦ∂νΦ +
1
2
e−aΦ
(
FµλFν
λ − 1
6
gµνFλρF
λρ
)
, (4.4)
where Rµν stands for the five-dimensional Ricci tensor.
Given the connection between 5D EMd theory and 6D vacuum gravity, we are interested in employing
the ISM in six dimensions to generate a solution featuring KK asymptotics R5 × S1,
ds26 −→r→∞ −dt
2 + dr2 + r2(dθ2 + sin2 θ dψ2 + cos2 θ dφ2) + dw2 . (4.5)
If this is accomplished, its five-dimensional counterpart will necessarily be asymptotically flat,
ds25 −→r→∞ −dt
2 + dr2 + r2(dθ2 + sin2 θ dψ2 + cos2 θ dφ2) , (4.6)
as desired. Inverting the lifting formula (4.3), we can express the 5D metric, gauge field A = Aidx
i, and
dilaton Φ in terms of the 6D metric components as
ds25 = gijdx
idxj + e2Λ(dρ2 + dz2) , (4.7)
Ai = G˜iw/G˜ww , (4.8)
e
−
√
3√
2
Φ
= G˜ww , (4.9)
where xi = (t, φ, ψ) and
gij =
(
G˜ij − G˜iwG˜jw
G˜ww
)
G˜1/3ww , e
2Λ = G˜1/3ww e
2ν . (4.10)
5 Inverse scattering construction of charged black rings
In this section we provide an explicit construction of the electrically charged S1-spinning black ring of 5D
Einstein-Maxwell-dilaton theory (4.1) with coupling constant (4.2).
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tΦ
Ψ
w
a0 a1 a2 a4 a3
Figure 3: Rod diagram appropriate for the generation of charged black ring solutions of Eintein-Maxwell-
dilaton theory with Kaluza-Klein coupling.
We take as our seed solution the six-dimensional metric corresponding to the rod configuration shown
in Fig. 5. We shall assume the following ordering for the rod endpoints,
a0 ≤ a1 ≤ a2 ≤ a4 ≤ a3 . (5.1)
As mentioned in Section 3, the rod in the t direction is identified with the horizon. Note the presence of
negative density rods, which are represented by dashed lines in Fig. 5. These are included in the seed to
simplify the solitonic transformations: this trick, first introduced in [17], is not mandatory but it allows
for the generation of the electrically charged singly spinning black ring by a 2-soliton transformation with
the introduction of only two BZ parameters. The negative density rod along the ψ direction facilitates the
addition of the S1 angular momentum to the ring, while the rod along the w direction allows the addition
of electric charge (and also dipole charge, as we discuss below). When a0 = a1 and a4 = a2, the negative
density rods disappear and the solution describes a neutral static black ring times a flat direction w.
Before moving on to the details of the inverse scattering construction, two comments are in order. The
seed defined by Fig. 5 is essentially the same as the seed used for the ISM generation of the singly spinning
dipole ring [25] (see also [38, 46]). Even though this rod diagram has a different appearance from the one
used in [25], which involved a positive density rod along the KK direction, the two seed metrics are easily
seen to agree upon interchanging the rod endpoints a2 and a4. Indeed, such a transformation takes the
density of the finite rod in the w direction from being negative to being positive. Thus, the seed we shall
consider for the construction of the electrically charged black ring is equally appropriate for the generation
of the dipole ring.4
The representation of the seed metric determined by Fig. 5 is also inspired by a simple generation of the
doubly rotating Myers-Perry black hole in five dimensions, described in Ref. [43]. The essential difference —
besides the fact that we are working in 6D — is that the role of the φ direction is now being played by the
w direction. Accordingly, we will be able to add ψ-rotation as well as electric charge to the neutral static
seed, instead of adding two independent rotations along ψ and φ, as in Ref. [43].
4However, note that to correctly generate the dipole ring from the seed of Fig. 5 one must remove and add anti-solitons at
z = a0 and z = a2, whereas for the construction we present here we will apply a solitonic transformation at z = a0 and z = a4.
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The seed metric corresponding to the rod configuration of Fig. 5 is given in Weyl coordinates (ρ, z) by
ds26 = (G0)ab dx
adxb + e2ν0(dρ2 + dz2) , (5.2)
where
G0 = diag
{
−µ0
µ4
,
ρ2µ2
µ1µ3
,
µ1µ3
µ0
,
µ4
µ2
}
, det G0 = −ρ2 , (5.3)
and the conformal factor is
e2ν0 = k2
µ1 µ3
µ0
Z01 Z03 Z04 Z12 Z23 Z24
Z213
∏4
i=0 Zii
, Zij ≡ (µiµj + ρ2) . (5.4)
For now, the integration constant k is left undetermined but it is fixed later by the requirement of asymptotic
flatness of the final solution. We order the coordinates along the Killing directions according to xa =
(t, φ, ψ, w), with t corresponding to the timelike coordinate, φ describing the azimuthal angle on the S2 and
ψ being the angle along the S1 component of the ring. The coordinate w represents the KK direction, as in
Section 4.
The seed solution (5.2–5.4) is singular and has no physical relevance by itself. However, applying the ISM
we can obtain regular solutions by dressing this seed metric. Specifically, the following steps allow to generate
the (six-dimensional uplift of the) electrically charged singly spinning ring by a 2-soliton transformation:
1. Taking the solution (5.3) as a seed, first remove an anti-soliton at z = a0 and a soliton at z = a4,
both with trivial BZ vectors (1, 0, 0, 0). For convenience, supplement this step with a rescaling of the
metric by an overall factor ζ = µ0/ρ
2. The resulting metric is
G′0 = diag
{
1
µ4
,
µ0 µ2
µ1 µ3
,−µ3
µ1
,− µ0
µ2 µ4
}
. (5.5)
2. The generating matrix corresponding to (5.5), in a form which is convenient for the solitonic transfor-
mation that will follow, reads
Ψ′0 = diag
{
1
(µ4 − λ)
,
(µ0 − λ)(µ2 − λ)
(µ1 − λ)(µ3 − λ) ,−
(µ3 − λ)
(µ1 − λ)
,− (µ0 − λ)
(µ2 − λ)(µ4 − λ)
}
. (5.6)
3. Taking now (5.5) as a seed solution, perform a 2-soliton transformation that re-adds the same (anti-)
solitons but with more general BZ vectors. More precisely, add an anti-soliton at z = a0 with BZ
vector (1, 0, c, 0) and add a soliton at z = a4 with BZ vector (1, 0, 0, b). After rescaling by ζ
−1, we
obtain the final Killing metric G.5 This second rescaling just undoes the convenient rescaling in step
1 and it ensures that detG = −ρ2.
5Generically, after such solitonic transformations one is not guaranteed to obtain a final metric with standard orientation, i.e.,
with the semi-infinite rods coinciding with the φ and ψ directions. This can be remedied by making a coordinate transformation,
G → G˜ = STGS with S ∈ SL(4,R). However, the construction discussed in this paper requires no coordinate mixing and so
the matrix S is trivial.
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tΦ
Ψ
w
a1 a2 a3
H0, 1, 0, 0L
H1,0, WΨ, WwL
H0, 1, 0, 0L
H0, 0, 1, 0L
Figure 4: Rod diagram for the electrically charged singly spinning black ring.
4. Compute the conformal factor of the new metric, given by e2ν = e2ν0 det Γdet Γ0 , with the matrix Γ given
by Eq. (3.9) and Γ0 ≡ Γ|c=b=0.
The output of this procedure is the pair (G, e2ν), which determines the six-dimensional solution we seek.
At this point our solution depends on 7 parameters, four coming from the rod endpoints6, two from the BZ
parameters b and c and one from the integration constant k.
The number of parameters characterizing the solution gets reduced upon imposing asymptotic flatness,
regularity and balance of the resulting five-dimensional black ring. Imposing asymptotic flatness fixes the
parameter k = 1. Requiring the absence of singularities at (ρ, z) = (0, a0) and (ρ, z) = (0, a4) fixes the BZ
parameters,
|c| =
√
2 d30 d40
d10
, |b| =
√
d40
d42
, (5.7)
respectively. Here we introduced the notation dij ≡ ai − aj for convenience. Finally, imposing that the
solution is balanced, i.e., that there are no conical singularities along the disc bounded by the ring, introduces
one further constraint,
d231 = d30 d32 , (5.8)
leaving only 3 free parameters. These are in correspondence with mass, one angular momentum and electric
charge.
The six-dimensional solution we obtain, written in Weyl coordinates, is of the form (2.1) with the
6The solution is invariant under an overall shift in z so we subtract 1 from the total number of ai’s.
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following non-trivial components for the Killing metric
Gtt =
1
µ4D
[
Y 204Z
2
03Z
2
04µ0µ1µ2 − b2Y 204Y 224Z203µ20µ1µ24 − b2c2Y 201Y 224µ20µ3µ34ρ2 − c2Y 201Y 204µ0µ2µ3µ4ρ4
]
,
Gtψ =
c Y01Y04Z00Z03µ1µ3
(
Y04Z04µ2 − b2Y 224µ0µ4
)
D
,
Gtw =
b Y04Y24Z44µ0
(
Y04Z
2
03Z04µ1 − c2Y 201µ0µ3µ4ρ2
)
µ4D
,
Gφφ =
µ2ρ
2
µ1µ3
, (5.9)
Gψψ =
1
µ0D
[−Y 204Z203Z204µ21µ2µ3 − b2Y 204Y 224Z203µ0µ21µ3ρ2 − b2c2Y 201Y 224µ50µ1µ23µ4 + c2Y 201Y 204µ40µ1µ2µ23µ4] ,
Gψw =
b c Y01Y04Y24Z00Z03Z44µ0µ1µ3
D
,
Gww =
1
µ2µ4D
[−Y 204Z203Z204µ1µ2µ24 + b2Y 204Y 224Z203µ0µ1ρ4 − b2c2Y 201Y 224µ30µ3µ4ρ4 − c2Y 201Y 204µ20µ2µ3µ34ρ2] ,
D = −Y 204Z203Z204µ1µ2 − b2Y 204Y 224Z203µ0µ1ρ2 − c2Y 201Y 204µ20µ2µ3µ4ρ2 + b2c2Y 201Y 224µ30µ3µ4ρ2 ,
where we have defined Yij ≡ µi − µj , and with the conformal factor given by
e2ν =
k2Z01Z12Z23Z24µ3
Y 204Z00Z03Z04Z11Z
2
13Z22Z33Z44µ0µ2
[
Y 204Z
2
03Z
2
04µ1µ2 (5.10)
+b2Y 204Y
2
24Z
2
03µ0µ1ρ
2 − b2c2Y 201Y 224µ30µ3µ4ρ2 + c2Y 201Y 204µ20µ2µ3µ4ρ2
]
.
5.1 Physical charges
The mass, angular momenta and electric charge may be read off from the asymptotic form of the 5D metric.
More explicitly, making the change of coordinates [42]
ρ =
r2
2
sin 2θ , z =
r2
2
cos 2θ , (5.11)
and performing an expansion in r−2 the leading order terms simply reproduce five-dimensional Minkowski
spacetime,
ds25 → −dt2 + dr2 + r2(dθ2 + sin θ2dψ2 + cos θ2dφ2) , (5.12)
and the physical charges are determined by the next-to-leading order terms of the following metric compo-
nents [42]:
G
(5)
tt = −1 +
8M
3pir2
+O
(
1
r4
)
, (5.13)
G
(5)
tψ = −
8 Jψ sin
2 θ
pir2
+O
(
1
r4
)
, (5.14)
G
(5)
tφ = −
8 Jφ cos
2 θ
pir2
+O
(
1
r4
)
. (5.15)
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For simplicity, throughout the paper we employ units in which the five-dimensional Newton’s constant and
the speed of light are set to G5 = c = 1.
The electric charge7 can be read off from the asymptotic behavior of the At gauge field component,
At =
G˜tw
G˜ww
= −Qe
2r2
+O
(
1
r4
)
. (5.16)
Upon using the regularity conditions (5.7) we find
M =
pi
4
(d20 + 2d40) , Jψ = pi
√
d10d30d40
2
, Qe = 4
√
d40d42 . (5.17)
Here we have arbitrarily chosen the angular momentum (and velocity) to be positive, as well as the electric
charge. These are dictated, respectively, by the choice of the negative solutions for c and b in Eq. (5.7).
The angular momentum along φ obviously vanishes because the solitonic transformations we employed
do not generate rotation on the S2. The magnetic dipole charge Qm may be computed from [47]
Qm = Aφ
∣∣
ρ=0,z∈(−∞,a1] −Aφ
∣∣
ρ=0,z∈[a2,a3] . (5.18)
For this solution we find that the magnetic dipole charge also vanishes.
The angular velocities of the six-dimensional solution can be easily found from the ψ and w components
of the direction vector of the timelike rod, as shown in Fig. 5. We obtain
Ωψ =
√
d10
2d30d40
, Ωw =
√
d42
d40
. (5.19)
The horizon area can be computed directly in Weyl coordinates as the 3-volume determined by the
metric induced on the timelike rod, at a fixed time slice. The temperature can be obtained by performing
a Wick rotation and requiring the absence of a conical singularity at the horizon. These calculations yield
the following results for the two quantities:
AH =
4pi2
d31
√
2 d321d30d40 , TH =
2pid21
AH
=
d31
2pi
√
2 d21d30d40
. (5.20)
Finally, the electric potential is determined by the projection of the gauge field on the Killing vector
field that generates the horizon, ξh ≡ ∂/∂t + Ωψ∂/∂ψ. More precisely, it is proportional to the difference
between the value of this projection at infinity and at the horizon [48]:
Φe =
pi
8
(
ξiAi
∣∣
∞ − ξiAi
∣∣
H
)
= −pi
8
(
G˜tw
G˜ww
+ Ωψ
G˜ψw
G˜ww
)∣∣∣∣∣
ρ=0, z∈[a1,a2]
=
pi
8
√
d42
d40
. (5.21)
The constant of proportionality has been chosen so as to simplify the first law (see Section 5.3).
7We adopt the standard definition for an electric charge in D dimensions, normalizing by the area of the unit (D−2)-sphere.
For D = 5 we get Qe =
1
2pi2
∫
S3∞
∗F .
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5.2 Six-dimensional solution in C-metric coordinates
The metric components simplify significantly when expressed in terms of so-called C-metric coordinates
(x, y), which are particularly well adapted for ring-like solutions. The coordinate transformation that ac-
complishes this is [42]
ρ =
R2
√−G(x)G(y)
(x− y)2 , z =
R2(1− xy)[2 + ν(x+ y)]
2(x− y)2 , (5.22)
where the function G(ξ) is given below in Eq. (5.27). We parametrize the rod endpoints according to
a0 = −R
2
2
α, a1 = −R
2
2
ν, a2 =
R2
2
ν, a4 =
R2
2
β, a3 =
R2
2
, (5.23)
where R controls the overall length scale of the solution. The ordering (5.1) then implies 0 ≤ ν ≤ α and
0 ≤ ν ≤ β ≤ 1. The resulting formulas take a simpler form when expressed in terms of new parameters λ
and γ defined by
α =
2λ− ν(1 + λ)
1− λ , β = ν + 2γ
1− ν
1− λ . (5.24)
The ordering above for the parameters translates into
0 ≤ ν ≤ λ < 1 , 0 ≤ γ ≤ 1− λ
2
. (5.25)
The six-dimensional solution then becomes
ds26 =
P (x, y)
F (x)
[dw +At(x, y)dt+Aψ(x, y)dψ]
2 − F (y)
P (x, y)
[
dt+
dψ
Ω(y)
]2
+
R2F (x)
(x− y)2
[
G(x)
F (x)
dφ2 +
(1− ν)2
1− λ
(
dx2
G(x)
− dy
2
G(y)
)
− G(y)
F (y)
dψ2
]
, (5.26)
where the various intervening functions have been defined as follows
G(x) = (1− x2)(1 + νx) ,
F (x) = 1 + λx ,
P (x, y) = F (x) + γ(x− y) ,
Ω(y) =
1
R
√
1− λ
(λ+ γ)(λ− ν)(1 + λ)
F (y)
1 + y
, (5.27)
At(x, y) =
√
γ(λ+ γ)
x− y
P (x, y)
,
Aψ(x, y) = −R
√
γ(λ− ν)(1 + λ)
1− λ
1 + y
P (x, y)
.
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5.3 Five-dimensional form of the solution
Upon dimensional reduction down to five dimensions one obtains the following result for the metric,
ds25 = −
F (y)
F (x)1/3P (x, y)2/3
[
dt+
dψ
Ω(y)
]2
+
R2F (x)2/3P (x, y)1/3
(x− y)2
×
[
G(x)
F (x)
dφ2 +
(1− ν)2
1− λ
(
dx2
G(x)
− dy
2
G(y)
)
− G(y)
F (y)
dψ2
]
, (5.28)
whereas for the vector field,
A = At(x, y)dt+Aψ(x, y)dψ , (5.29)
and for the dilaton,
Φ = −
√
2
3
log
[
P (x, y)
F (x)
]
. (5.30)
This solution, expressed in a different form, has been previously obtained in Ref. [41] using a distinct
method.8
For γ = 0, this solution reproduces the neutral black ring [8]: both the gauge field and dilaton vanish.
The balance condition for the electrically charged ring is precisely the same as for the neutral case,
1− λ
1 + λ
=
(
1− ν
1 + ν
)2
, (5.33)
and the outer and inner horizons are similarly located at y = −1/ν and y = −∞. Thus, the extremal limit
is defined by ν = 0.
In terms of the parametrization (5.23) and (5.24), the expressions for the charges above are given as
8The explicit transformation of the coordinates and parameters that takes our solution (5.28–5.30) to the Kunduri-Lucietti
charged ring is given by
t = tˆ , (ψ, φ) =
1 + νˆ(1− k2)√
1 + λˆ
(ψˆ, φˆ) , x =
xˆ− λˆ
1− λˆxˆ , y =
yˆ − λˆ
1− λˆyˆ , (5.31)
λ = λˆ , ν =
λˆ− νˆ(1− k2)
1− λˆνˆ(1− k2) , γ =
k2λˆ
1− k2 , R =
√
(1 + λˆ)
(
1− λˆνˆ(1− k2)
)
1 + νˆ(1− k2) Rˆ , (5.32)
where hatted quantities correspond to coordinates and parameters employed in Ref. [41]. We note in passing that Eqs. (39)
and (40) of Ref. [41] contain small typos.
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follows,
M =
piR2
2
3ν + γ(1 + ν2)
1− ν , (5.34)
Jψ =
piR3
2
√
ν(1 + ν)3[2ν + γ(1 + ν2)]
(1− ν)3 , (5.35)
Qe =
4R2
1− ν
√
γ(1 + ν2)[2ν + γ(1 + ν2)] , (5.36)
AH =
8pi2R3
1− ν
√
ν3[2ν + γ(1 + ν2)] , (5.37)
TH =
1− ν
4piR
1√
ν[2ν + γ(1 + ν2)]
, (5.38)
Ωψ =
1
R
√
ν(1− ν)
(1 + ν)[2ν + γ(1 + ν2)]
, (5.39)
Φe =
pi
8
√
γ(1 + ν2)
2ν + γ(1 + ν2)
. (5.40)
These formulas are valid for balanced rings, i.e., we have used condition (5.8) to eliminate λ in favor of ν,
and are in agreement with those given in Ref. [40].9 The horizon angular velocity Ωψ displayed in Eq. (5.39)
is precisely equal to the function Ω(y) given in Eqs. (5.27) evaluated at the horizon y = − 1ν .
It can be straightforwardly verified that the first law,
dM =
1
4
THdAH + ΩψdJψ + ΦedQe , (5.42)
is satisfied by Eqs.(5.34–5.40), and that Smarr’s law reads
2
3
M =
1
4
THAH + ΩψJψ +
2
3
ΦeQe , (5.43)
in precise agreement with Ref. [48].
5.4 Collapse limit
To obtain the five dimensional KK black hole with KK electric charge and one rotation as a limit of the
black ring solution discussed above we proceed as in Appendix A of reference [26]. First we rescale the
9The family of solutions obtained in Ref. [40] generically have non-vanishing S2 angular momentum and dipole charge.
Setting these quantities to zero corresponds to taking the limit µ → 0 while keeping a1 finite, in the notation of [40]. The
resulting solution is parametrized by three numbers (k, c, a3) and the comparison with the explicit solution constructed in this
paper may be done employing the following relations between parameters:
R2 =
2
1 + c2
k2 , γ =
8a23c
3
(1 + c2)[(1− c2)2 − 4a23c2]
, ν = c . (5.41)
Special care must be taken when comparing the formulas for the electric charge and potential: the normalization adopted in [40]
differs from ours by a multiplicative factor of pi/16.
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parameter R and the angular coordinates φ and ψ so that the presentation of the solution in the γ → 0
limit precisely matches that of [26]. We denote the rescaled quantities with the subscript E,
RE =
1− ν√
1− λR, φE =
√
1− λ
1− ν φ, ψE =
√
1− λ
1− ν ψ. (5.44)
The collapse limit corresponds to λ, ν → 1 and RE → 0, such that parameters a and m defined as
m =
2R2E
1− ν , a
2 = 2R2E
λ− ν
(1− ν)2 , (5.45)
remain finite. Moreover, we change coordinates from (x, y) to (r, θ) as
x = −1 + 2
(
1− a
2
m
)
R2E cos
2 θ
r2 − (m− a2) cos2 θ , (5.46)
y = −1− 2
(
1− a
2
m
)
R2E sin
2 θ
r2 − (m− a2) cos2 θ , (5.47)
and rescale (ψE , φE) →
√
m−a2
2R2
(ψ, φ) so that after the collapse limit the angular coordinates again have
canonical periodicity. Implementing this procedure on the 6d metric, we obtain the six dimensional lift of
the KK black hole with KK electric charge and one rotation [49] (here we take γ ≡ sinh2 α):
ds2 = −
(
1− m
Σ
)(
coshα dt+ sinhα dw − ma sin
2 θ
Σ−m dψ
)2
+ Σ
(
dr2
∆
+ dθ2
)
+
∆ sin2 θ
1−m/Σdψ
2 + r2 cos2 θdφ2 + (coshα dw + sinhα dt)2, (5.48)
Σ = r2 + a2 cos2 θ, ∆ = r2 −m+ a2. (5.49)
6 Discussion and outlook
In this article we provided a detailed construction of an electrically charged black ring, rotating only along
the S1 component of the horizon, which is topologically S1×S2. This is a solution of 5D Einstein-Maxwell-
dilaton theory with Kaluza-Klein coupling and it is fully regular, balanced, and asymptotically flat. The
construction relies on the inverse scattering method and on the fact that this particular theory is related to
6D vacuum gravity by dimensional reduction. Although the seed metric we adopted to generate the solution
is identical to the one originally used in Ref. [25] to construct a dipole black ring (and later in [39, 38] for
doubly-spinning generalizations), it was given a different interpretation, thus making a nice connection with
the simple ISM generation of the 5D Myers-Perry black holes described in [43].
This solution is an electrically charged version of the original neutral black ring [8] and presumably can
be obtained as a limit of the electrically charged, doubly-spinning ring of [32] or of the most general black
ring recently constructed in [40] (but not as a limit of the solution constructed in [38], because therein
setting to zero the second angular momentum imposed vanishing electric charge). Indeed, we have checked
that the expressions for the conserved charges and all other quantities characterizing the charged black ring
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Figure 5: Schematic representation of the parameter space covered by currently known regular black ring
solutions of the 5D Einstein-Maxwell-dilaton theory. The vertical axis precisely corresponds to the dilaton
coupling a in units of
√
2/3. The horizontal axes (from left to right) measure the dimensionless combinations
q2e , j
2
ψ, q
2
m and j
2
φ defined in the main text. The left panel allows the visualization of solutions carrying
electric charge and S1 angular momentum and the horizontal surface depicts the electrically charged ring
we explicitly constructed in this paper. The right panel allows the visualization of solutions carrying dipole
charge and S2 angular momentum (in addition to S1 angular momentum) and the horizontal surface depicts
the doubly-spinning dipole ring recently found in [39, 38, 40]. On both panels, the vertical planes represent
either the singly spinning dipole ring of [26] or the doubly-spinning neutral ring of [16].
arise as a certain limit of the somewhat complicated formulas given in Ref. [40]. We presented the solution,
as well as its charges and all relevant physical quantities, in a very simple and explicit form, which may be
useful for future studies of this background.
As was mentioned in the Introduction, a lot of progress has been achieved in the past few years concerning
black rings in 5D EMd theory with KK coupling, to the point that what is believed to be the most general
such solution is now known [40, 38]. However, we are still lacking doubly-rotating and charged ring solutions
for other values of the dilaton coupling constant. Figure 5 schematically illustrates the parameter space
covered by currently known regular (and balanced) black ring solutions of EMd theory, considering the
dilaton coupling a as an additional parameter. Note that the quantities that are being plotted along the
horizontal axes are the dimensionless combinations of the charges, which are traditionally defined as (setting
the 5D gravitational constant to unity)
j2ψ ≡
27piJ2ψ
32M3
, j2φ ≡
27piJ2φ
32M3
, q2e ≡
Q2e
M
, q2m ≡
Q2m
M
. (6.1)
There is manifestly a lot of room for improvement.
Regarding 5D minimal supergravity, a different but somewhat related theory of great importance, the
most general regular black ring solution conjectured to exist in Ref. [37] is still unknown. Nevertheless,
important steps in that direction have been taken in Ref. [29], which uses a different approach that takes
advantage of hidden symmetries to devise a solution-generating scheme, and in Ref. [30], which studied the
interplay between that technique and the inverse scattering method.
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